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Abstract. We study the mathematical structure of covariant 
phase observables. Such observables can alternatively be expressed 
as phase matrices, as sequences of unit vectors, as sequences of 
phase states, or as equivalence classes of covariant trace-preserving 
operations. Covariant generalized operator measures are defined 
by structure matrices which form a W*-algebra with phase matri- 
ces as its subset. The properties of the Radon-Nikodym derivatives 
of phase probability measures are studied. 



1. Introduction 

Covariant phase observables constitute a particular solution to the 
problem of quantum phase (see, e.g. fl|, U). In this paper, we study 
general mathematical properties of covariant phase observables and 
represent them as covariant trace-preserving operations (Sec. 3). We 
also analyze the structure matrix W*-algebra of covariant generalized 
operator measures (Sec. 4) and the pointwise convergence of phase 
probability densities (Sec. 5) 

l 



2 JUHA-PEKKA PELLONPAA 

Let H be a complex Hilbert space with a fixed basis {\n) G H \ n G 
N}. Define the number operator N := Yl^=o n \ n ) ( n \ w hh its usual 
domain V(N) := {tp eH\ n 2 \(n\i))\ 2 < 00} and the phase shifter 
R(0) := e WN for all 9 e R. Let £(H), T(H), and T(W)i" denote the 
sets of bounded operators, trace-class operators, and states (positive 
trace-one operators) on H, respectively. 

Let £>([0, 2n)) denote the a-algebra of the Borel subsets of [0, 2tt), and 
consider an operator measure E : £>([0,27r)) — > C(H). The measure 
E is normalized if £([0,2tt)) = /, positive if E(X) > O for all X e 
B([0,2tt)), and phase shift covariant if R(9)E(X)R(9)* = E(X © 6) 
for all X E S([0,2tt)) and for all 9 E [0,2tt), where X © := G 
[0,27r) I (x — 6 l )(mod 27r) G X}. A phase shift covariant normalized 
positive operator measure is called a (covariant) phase observable. 

In the next section we collect some known properties of covariant 
phase observables. The new results are contained in Sections 3-5. 

2. The structure of phase observables 

Any covariant phase observable is of the (weakly convergent) form 

00 

(1) E(X) = c n , m i n - m {X) \n) (m\ , X G B([0, 2tt)), 

n,m=0 

where ik(X) := (27r) _1 f x e lhd d9 for all k G Z, and where the phase 
matrix (c„ im )„ i?ng N is a positive semidefinite (complex) matrix with 
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Cn,n = 1, n E N (see, e.g. Phase Theorem 2.2 of [0]). A complex matrix 
(c n ,m) is a phase matrix if and only if there exist a sequence (ip n )nem 
of unit vectors such that c„ im = (V'nl^'m), n, m E N 0. A constant 
sequence, e.g. ip n = |0), n E N, defines the canonical phase observable 

oo 

E can (X) := l n~ra{X) \n) (m\ , X E B([0, 2tt)), 

n,m=0 

whereas any orthonormal sequence, e.g. ip n = \n), n E N, gives the 
trivial phase observable 

E tliv (X) :=i (X)I, Xe/5([0,2tt)). 

Next we show how any phase observable can be constructed by using 
a sequence of phase states (Theorem ||). 

Define Hi := {ip E H | K 71 !^)! < 00 }• A phase matrix (c n>m ) 

can be interpreted as a phase kernel, that is, a positive (possible un- 
bounded in the norm of H) sequilinear form C : Hi x Hi — > C defined 
as 

oo 

C(ip,ip) := c n)m (^|n)(m|V>), p,ipeHi, 

n,m=0 

where the sum converges absolutely. Keeping this in mind, we may 
formally write 

oo 

C = 22 c n,m\n)(m\. 

n,m=0 
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Since R{6)H\ = Hi for all 6 G [0, 2tt) we can define a continuous 
integrableQ function [0, 2tt] — > C 

oo 

9^C(R(-d) V ,R(-d)^)= c ntm e^ n -^ e ^\n)(m\^) 

n,m=0 

for all ip, if) G Hi, and thus a bounded positive sesquilinear form Hi X 
Hi -► C 

{ip^)^E{X)^ := ±J C{R(-e)<p,R(-9W)M 

oo 

= C n,m^n-m(^)(V 9 l^)( m IV ; ) 
n,m=0 

for all X G £>([0,27r)). The form ((p,ip) t— > E(X) lfi ^ has a unique 
bounded positive extension to H x H which is determined by a 
unique bounded operator, say, E(X) G C{H). Operators E(X), 
X G £>([0, 27r)), constitute a covariant phase observable. The following 
route to define a phase observable is thus justified: 

1. take a phase matrix (c„ )m ) and define the phase kernel 

E^m=o c «,™l n > H; 

1 Since for all ip, ij) E Tlx the series of continuous integrable functions 
X^=oSL=o c ™>™ e ™^(vl n )( m l'/') I wne re e n {9) = e lnS , n e N, 6 e R, converges 
uniformly on [0, 2ir] when s, t — > oo, the function i— > C(R(—9)ip, R(-O)tp) is 
continuous and integrable. 



ON THE STRUCTURE OF COVARIANT PHASE OBSERVABLES 5 

2. act on it by R{6) to get 



CO 



R{0) \n) (m| R(e)* = ]T c n , m e 1 ^ 9 \n) (m\ 



n,m=0 n,m=0 



3. integrate it over X G B([0,2n)) to get a bounded sesquilinear 
form HixH!^ C, 

— / R(6) y~] c n . m \n) (m\ R(9)*d6 = V" c„, m z n _ m (X) \n) (m\ ; 

Z7T /y z — ' z — ' 

n,m=0 n,m=0 

4. this has a unique bounded extension H x 7^ — > C which defines 
the phase observable 



E(X) := ^ c njm i„_ m (X) |n) 



m\ . 



n,m=0 



Let Hoo be a complex Banach spacef] of vectors Y^=o 9n \ n ) ^ or wmcn 
the norm \\Y^=o9n l n )lloo := SU P {\9n\ \ n ^} < 00 • Embedding 7i 



2 Equip 7ii with the norm ip i— > HV'lli := S^Lo K^IV^I- The continuous lin- 
ear mappings 7ii — > C form a topological dual TC[ of Hi- Using the Dirac no- 
tation, an element (F\ G can be represented in the form (F\ — Y^=o fn{ n \ 
where (f n )neN C C and sup{|/„| | n G N} < oo. Defining a conjugate form |F) 



of (F\ as a mapping Wi 9 ip i— ► (.F 1^) G C we may define the linear space 
Hoc of conjugate forms of the elements of H[. Thus, using the Dirac formal- 
ism, we may write an element \G) G Hoc of the form \G) — S^Lof™ \ n ) wnerc 
(g n )n£N C C and sup {\g n \ \ n G N} < oo. We can define the following norm in 
Hoo: |G)^|||G)|| 00 :=sup{| 3 „||nGN}. 
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in 7ioo we get the following triplet 



Hi C H C H oo • 
We have the following theorem ||: 
Theorem 1. For any phase matrix (c n , m ) 

oo oo 

c n , m ((p\n)(m\il)} = ^2((p\F k )(F h \ip), 

n,m=0 k=0 

for all ip, ijj G TCi, that is, briefly, 

oo oo 

^ c n , m \n) (m\ = ^2 \ F k)( F k\ 

n,m=0 k=0 

where \F k ) G for all k G N and T,T=o\( n \ F k)\ 2 = 1 for all neN. 
Conversely, if (|i 7 fc)) fcGN C TCoo is such that YlT=o \( n \ F k)\ 2 = 1 then 
Ylk^o \Fk)(Fk\ is a phase kernel. 

Let \F) G ftoo and define \F;9) := R(9)\F) and (F;0| := (F\R(6)* 
for all Since R{9')\F; 9) = \F; 9 + 9') we say that \F; 9) is a p/iase 

state. It easy to see that the following sesquilinear form Hi x TC% — > C, 



M)^^J {<p\F;9)(F;9W)d9, 
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is positive and bounded for all X G £>([0, 2n)) and it defines a covariant 
positive operator measure 

(2) 

oo 

B([0,2n)) 9Ih E F {X) = (n\F)(F\m)i n - m (X) \n) (m\ G C(H). 

n,m=0 

The operator measure Ep is normalized, that is, a phase observable, if 
and only if |(n|F)| = 1 for all n G N, that is, when 

oo 

\F) = J2e iVn \n) 

n=0 

where (v n ) ne N C [0,2n). Let U := Y^=o e%Vn \ n ) ( n l- Then E F is a 
phase observable if and only if 

E F (X) = UE can (X)U\ X G B([0, 2tt)). 

If, for two phase obsevables E\ and E2, the condition Ei(X) = 
UE 2 (X)U*, X G B([0,27t)), holds, we say that E x is E 2 up to uni- 
tary equivalence, or briefly, E\ is E 2 (u.e.). Thus, using Theorem [1] we 
get a variant of Phase Theorem 2.2 of [0: 

Theorem 2. E is a phase observable if and only if for all X G 
B([0,2tt)) 

n 

E(X)=w-limJ2E Fh (X) 

k=0 



8 
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where Ep k (X) is the bounded operator defined by a sesquilinear form 



where \F k ) G Hoc, k G N, and ET=o\( n \ F k)\ 2 = 1- 

TTie phase observable E is defined by a single phase state if and only 
if E is £ can (u.e.). 

Since the sequence n i— > X/fc=o-^PfePO * s increasing E(X) = 
s-linin^oo Y2=o E F k {X) also. 



A linear mapping $ : T(7i) — > T(7i) is a covariant trace-preserving 
operation if it is covariant (R(9)<5>(T)R(9)* = $(R(6)TR(6)*), 9 G 
[0,2tt), T G T(W)), trace-preserving (tr($(T)) = tr(T), T G T(TC)), 
and positive ($(T(7^)^) C T(TC)f) (for the theory of operations, see 
e.g. [|, [|). We prove next a theorem essentially due to Hall and Fuss 



Theorem 3. A mapping E : B([0,2tt)) — > C(7i) is a phase observable 
if and only if 



for all X G B([0,2tt)) and T G T(H) where $ : T(H) -> T(H) ts a 




3. Phase observables as operations 



il- 



ls) 



tv(TE(X)) = tr($(T)£ can (X)) 



covariant trace-preserving operation. 
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Proof. Let E be a phase observable with the phase matrix (c n/m ). For 
all T G T(H) define 

oo 

(4) 6(T) := ^ c m,nT n ,m \n) (m\ . 

n,m=0 

Since T = oTq, — j3Tp + i^T^ — i5T$ where T a , T@, T 7 , and 
Ts are states, and a, j3, 7, and 6 are nonnegative real num- 
bers, it suffices to consider only states. Thus, assume that 
T is a state. Since sup {|(^|e(T)^)| | |M| < 1, H^ll < 1} < 

SUp{E" w =ol T n,m||^|n)||HV>|||kll<l, |H|<l} < 1 it fob 

lows that 6(T) is a bounded operator. Using a decomposition 
T = E^ol^iX^il) <f>i G j 6 N, one sees that (^|6(T)^) = 



EJl E~ m =o ( m l0i)('0|w)c m , n (n|0 j )(V'|n) > for all ip G Hi and, 
thus, is positive. Since E^=o( ri l®(^)l n ) = ^ ®C0 * s a trace-one 
operator. Moreover, tr(T£(X)) = tr(6(T)£ can (X)), X G B([0,2tt)), 
and B is covariant. Thus, G is a covariant trace-preserving operation. 
The converse part is trivial. □ 

There are many covariant trace-preserving operations $ which satisfy 
Equation (|3[) for a given E. One such operation is defined in (||). It 
is the identity operation in the case of the canonical phase whereas for 
the trivial phase it is of the form 6(T) = En°=o^i>« l n ) ( n \- We note 
also that, in the case of the trivial phase, T i— > T |1) (1| H-T^i 10) (0| + 
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*Y^ = 2 T n ,n \ n) (n\ is an other operation fulfilling Theorem Since the 
diagonal elements T n n do not "contain" any phase information of the 
state T we see that the trivial phase "loses" all phase information. In 
the general case, if c„ im = for some n ^ m, there are vector states 
(other than number states) ip := d n \n) + d m |m), d n , d m 6 C \ {0}, 
\d n \ 2 + \d m \ 2 = 1, for which the probability measure X i— > (if)\E(X)ip) 
is random. Next we study the properties of G. 

Let E be a phase observable with the phase matrix (c njjn ), and let 
©CO = J2n,m=o c m,nT n , m \n) (m\ for all T G T(H). The dual map- 
ping 6* : C(H) — > C{7i) of an operation 9 defined by the relation 
tr(re*(A)) = tr(6(T)A), A G T G T(7i), is a positive linear 

mapping, and 

oo 

B*(A)= c n,mAn,m\n)(m\, A G £(H). 

n, m=0 

From Theorem [l] one gets (weakly) 

oo 

Q(T) = Y J A k TA* k , T G T(H), 

k=0 

where A k := Yl^=o(-^ k \ n ) \ n ) ( n l ^ or all A; G N showing that is com- 
pletely positive (see the First Representation Theorem of ||). Note 
that ZT=o A * A l = 1 an d 6* (A) = £^ A* k AA k , AeC(H). 

Let 0+ : T(H)i — > T(H)l be the restriction of to the set of 
states. 
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Theorem 4. 1. and 0^ are injections if and only if c n ^ m ^ for 

all n, m G N; 

2. Q± is surjection if and only if E is E can (u.e.); 

3. &i is bijection if and only if E is E can (u.e.); 

4. preserves pure states (Q(\ip) (ip\) 2 = ©OV') (V'l) / or a ^ wec ~ 
tors ip EH) if and only if E is E can (u.e.). 

Proof. It is easy to see that and 0| are injections if and only if 
c m , n T n ,m = for all n, m G N where T G T((H) implies that T = O. 
Thus, and 0^ are injections if and only if c„ i?n 7^ for all n, m. 

Suppose that 0^ is surjection. If c m>n = = c n>m for some n ^ m 
then 0+(T) ^ T' := (|n) + \m))((n\ + (m\)/2 for all T G T(ft)+ 
and, thus, c n ,m 7^ for all n, m and 0+ is injection and bijection. 
If \c n ,m\ < 1 for some n ^ m then there is no state T such that 
0+(T) = T. Thus, |c n , m | = 1, n, m G N, and E = E can (u.e.). This 
proves items (2) and (3). 

Let tp := Y^=o^n\ n ) where d n > for all n and J^Lo^n = 1- 
Now 0(|V> (^l) 2 = O(l^) (V'l) implies that £^ =0 K^IX = 1 for all 
m which shows that |c„ ;m | = 1, n, m G N, and E = E can (u.e.). This 
completes the proof. □ 
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4. COVARIANT GOMS AND PHASE MATRICES 

The standard way to represent an observable in quantum mechan- 
ics is to find an appropriate self-adjoint operator, or an idempotent 
POM, which describes that observable. However, in many cases this 
representation is too narrow and it is convenient to give up the idem- 
potency (see, e.g. |J). The strength of POMs is that they associate 
a probability measure to all states. If we restrict ourselves to a sub- 
set of (vector) states to be called physical states we can give up the 
positivity of POM and require that the operator measure gives a prob- 
ability measure (via trace formula) only for physical states. Actually, 
we do not have to assume that the observable can even be " defined" for 
other states that physical ones. Hence, define a set of physical states 
V. It is a linear subspace of the Hilbert space of the physical sys- 
tem. The linearity is assumed because of the possibility to superpose 
the physical states. Let SC(V, V; C) be the set of sesquilinear forms 
from V x V to C (the first argument is antilinear). A generalized op- 



erator measure |10|| , or a GOM, G is the mapping from the cx-algebra 
A of the set of measurement outcomes Q to SC(V, V; C) such that 
A3 X ^ [G(X)]((f,i[)) G C is a complex measure for all <p, ij) £ V. It 
is normalized if [G(0)](</?, ijj) = (<p\ip), tp, ij) EV. 
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In the case of phase, it is natural to assume that Q = [0, 2tt), 
A = B([0, 27r)), and V contains number states, coherent states, etc. 
Since they are elements of Hi we assume that V = H.\. If we study 
the coherent state phase measurements with the associated GOM 
E : £>([0,27r)) — > SC(TCi,Hi;C), it is natural to assume the follow- 
ing phase shift covariance condition: 

(5) \E(X)](\ze- a ), \ze~ a )) = [E(X © a)](\z), \z)) 

for all X G B([0,2tt)), z G C, and a G [0,2vr). The following GOMs 
are solutions of (|[): 

oo 

(6) [E{X)\{(p^)= dn >m i n „ m {X){ip\n){m\ip) 

n,m=0 

where {d n>m ) G C NxN , sup{K )TO | |n,mGN} < oo, X G B([0,2tt)), 
and (p, if> G 7ii. We use the following short notation for E: 

oo 

E(X) = d riim z n _ OT (X)|n)(m|, 

n,m=0 

and we say that E is a covariant G OM defined by the structure matrix 
(d nim ). Note that E([0,2tt)) = J2^=o dn,n\ n )( n \ can be extended to a 
unique bounded operator. If d n>n — 1, n G M, then i5 is normalized. If 
(^n,m) is a phase matrix then E is a phase observable. For all ip, if) G 
7Yi, the complex measure X — > [£'(X)](<^, ■0) has a continuous density 
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which is 

oo 

0^ Yl d n ^ n -^ 6 (<p\n)(m\i,). 

n,m=0 

Let Moo be a set of structure matrices (c? njm ) n>me N £ ^nxn^ 
sup {|d n , m | | n, m E N} < oo. Since for all (d n;m ) E Moo we have a 
unique covariant genaralized operator measure E defined in (J|), we 
can identify (dn, m ) with E. Now Moo is a W*-algebra (over C) with 
the norm ||(d n>m )|| := sup {|d n ,m| \ n,m E N} < 00. The summation, 
scalar product, and algebra product are defined pointwise. Let * be the 
algebra product operation, that is, (cZ„ iTO ) * {e n ,m) := {d n ,m^n,m)- The 
identity of Moo is the canonical phase matrix (c nim ) with c„ im = 1, 
n, m E N. The algebra .Moo is commutative and the involution is 
(rfn,m) l— *■ (^n,m)* : = (c?n,m)- The unique pre-dual of Moo is the Banach 
space M\ of matrices (d n>m ) for which Ylnm=o \d n ,m\ < 00. A matrix 
{d n ,m) £ -A^oo has an inverse if and only if d nxa 7^ for all n, m E N. 
The inverse is (c?~^J. A matrix (d n>m ) E Moo is positive if d n>m > 
for all n, m G N. However, we are not interested in this standard 
positivity; we rather study positive semidefinitess of matrices. 

The positive semidefinite matrices of Moo form a convex cone. We 
denote it by M^- Any (d njm ) E -M+ defines a covariant positive 
operator measure E via Equation (^). The phase matrices are such 
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matrices of M.^ whose diagonal elements equal one. Let C be the a- 
convexP] set of phase matrices. Phase matrices define phase observables. 
The phase matrices of phase observables unitarily equivalent to E CSull 
are only phase matrices which have phase matrix inverses. Note that 
C* = C, and for all (c njTn ) G C the norm ||(c„ jm )|| = 1, that is, all phase 
matrices lie on the unit ball. 

We can embed the bounded operators, trace-class operators, and 
states in .Moo- We simply define 



C := I (A n>m ) £Moo\ J2 A 

n,m |n) (m\ G C{H) 

\ n,m=0 

T := I (T n , OT ) G Moo | j>2 T n ,m \n) (m\ G T(H) 1 , 

^ n,m=0 ) 

{oo 
(T n , m )eMx>| 
T n , m |n) (m\ G T(H)t 
n,m=0 

Thus, T±~ contains such (T n ^ m ) G M.to f° r which Y^=o^ri,n = 1- Note 

that TnC = 0andC££^ M^. 

As we saw in the previous section, for any phase matrix (c n m ) and a 

state (T n m ) the product (c„ im ) * (T n/m ) is a state. Thus, C-kT^ = Zf 1- . 

An operation 6 defined in (|J) corresponds a mapping T 3 (T n m ) f— > 

(c m , n ) * (T n>rn ) G T, (c n/m ) G C, which is continuous with respect to the 
3 cr-convex means that for any sequence of phase matrices (Ck)keN and for any 

sequence of nonnegative real numbers (\k)ken for which J2T=o^ k = ^ ^he ser i es 
n i— > X)l-=o ^kGk converges to a phase matrix (with respect to the norm of .Moo) 
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trace- norm. If 0i and O2 are the operations (defined in of phase 
observables E\ and E 2 with (c* m ) and (c^ m ), respectively, then the 
matrix (c^ n ) * (c^ n ) corresponds the composition operation 0! o 2 . 
Note that 0i o 6 2 = © 2 ° Si- 
Let (d n ^ m ) and (e n)TO ) be elements of M.^. Now there exist vector 
sequences (y? n )neN and {ip n )nen such that d n , m = ((p n \(p m ) and e n , m = 
v0n|^m) for all n, m G N @. Now c/„ im e„ jm = (y> n <g> ^ n \<fm ® ^w), 
n, m G N, and (d n:Tn ) * (e njTn ) is positive semidefinite.0 Hence, .M+ * 
M+ =.M + and C*C = C. 

Let (dn t m) ^ Now we can write d n , m = J2T=o^ m wnere 

dnjn = {n\F k )(F k \m) for all n, m G N, and G 7ioo, fcGN. Hence, 
the finite sums of matrices ((n|F)(F|m)) n meN , |F) G 7ioo, form a dense 
subset of M^o- Every \F) G Hoo defines a covariant positive operator 
measure Ep of Equation (fj). 

Following |]], we can define a certain ordering relation on .Moo as fol- 
lows: {dn, m ) dl (e n ,m) ^ {d n ,m) = {e n ,m) * {fn,m) for SOHie {f n>m ) & -Moo- 

Let (1) n,meN and (<5n,m)n,meN be the phase matrices of the canonical and 

the trivial phase observables, respectively Now (<in,m)n,meN ^ (l)n,meN 

for all (d„, m ) G A^oo and (5 n>m ) ^ (c„ i?n ) for all (c n>m ) G C. Note 
4 For any sequence (f n )neN C C for which /„ ^ for only finite many n S N 
the sum X^ m =o fndn, m e n , m f m = \\J2n=o fn\fn ® V>n) || 2 > 0. This shows that 
(d n ,m e n,m) is positive semidefinite. 
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that d is not a partial ordering. It does not satisfy the antisymmetry 
condition. 

Define the following equivalence relation in C: 

(C n ,m) ^ (d n ,m) if (C n ,m) = «m) * (e^" - "" ) , {v n ) n& C [0, 2tt). 

Denote the equivalence class of (c n m ) G C by [(c n>m )], and define a 
partial ordering ^ in the set of equivalence classes as follows: [(c nj?n )] z< 
[(c?„, m )] if (cn, m ) = (rf n>m ) * (e n , m ) for some (e n , m ) G C. Now [(5„, m )] ^ 
[(c n , m )] d [(1)] for all (c n)m ) G C and, thus, the equivalence class of the 
canonical phase matrix is the upper bound. 

5. On the pointwise convergence of phase kernels 

As we have seen, a phase observable E is determined uniquely by 
a phase matrix (c n m ) via Equation ([!]). For any trace-class opera- 
tor T we can define a complex measure X p^,(X) := tr(TE(X)) 
which is absolutely continuous with respect to the normalised Lebesgue 
measure and, thus, has a Radon-Nikodym derivative g® such that 
p$(X) = (27T)- 1 f x gE(9)de, X E B([0, 2tt)). Following Equation (|) it 
is tempting to write g§(d) = ^^=0 ^m,n c n,me ! ' n ~ m ' 9 where the sum- 
mation converges pointwise for d^-almost all 9 EM.. But is it possible? 
In this section we study this problem. 
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Let us start with the simplest case. Let E be the canonical phase, 



and let T = \ip) (0| where <p, ip G 7i. From Carleson Theorem [11 
we know that any L 2 -Fourier series converges pointwise for almost all 
9 G R. Thus, we get 



i(n-m) 

n=0 m=0 n,m=0 



for almost all 9 G R. Let then T be an arbitrary trace-class operator, 
and let E be any phase observable with the covariant trace-preserving 
operation $ of Theorem |3]. Now we can write $(T) = T a — Tp + 
iT 7 — zT^ where the operators T u are positive trace-class operators with 
decompositions T u = ^^L I' V 9 *^ G 7Y, A; G N, where w = 

a, /?, 7, 5. Thus, 



and, by monotonic convergence 

oo oo 
fc=0 n,m=0 

for all u — a, [3, 7, 8 and for almost all 9 G R. We will get a similar 
equation without using the operation $. Namely, by using Theorem ^ 
one gets for any \(p) (<p\ 



00 00 



00 00 

i(n—m)0 



(8) ^(G) = E E (^k)(n| J P fc )(F fc |m}(m|^)e 

fc=0 n,m=0 
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for almost all 6 G R. A problem of Equations (|7|) and (|8]) is that it is 
not clear that we can change the order of k- and (n, m)-sums. So we 
have to consider other methods. 

First we prove a simple proposition. Let B be a complex Ba- 
nach space, and let S : Ti x 7i — > B be a bounded sesquilin- 
ear form (the first argument is antilinear), that is, ||5|| : = 
sup {|| S((p, ip) || | ||v2|| < 1, H^ll < l} < c». Note that is equipped 

with the trace norm. 

Proposition 1. Denote S njm := S(\n) , |m)) for all n, m G N. Then 
for all ip, ip G H 



weakly, and S can be uniquely extended to a continuous linear mapping 



s 




n=0 m=0 



that is 



oo 




S : T{H) -> B 



oo 



s 





a// (p, ip £ H. 
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Proof. For tp, ip G H one gets 



\\s(<p,i>) - s(p s <p,p t 4>)\\ < \\s\\ |M| u-p t ^\\+\\s\\ \\<p-pm\ \\ p M\ - o 

when s, t — > where P s := En=o \ n )( n \- Fix T G T(7i)f. One can 
write T = EfcLo ^Iv^) (v^l where A fe G [0,1], Efelo ^ = X > G 
7Y, and ||</?fc|| = 1 for all k G N. Define a T := YlT=o ^k>3(<Pk, <Pk) 
and o£ t := ^kS(P s (f k , PtVk) = EiUo EL=o S n, m T m ,n which exist 

since EfcLo ^ = 1 anc ^ ll^lv 9 ? VOII < ll-S'll f° r & U vectors </?, ^ with 
IMI < 1) H^ll < 1- Also we see that ||a T || < \\S\\. By the dominated 
convergence theorem 

oo 

\\ aT - a I,t\\ < ^2 ^k\\S((pk,<Pk) ~ S(P s ip k ,P t ip k )\\ 
k=0 

oo 

< ii^ii ^2 Xk (H^* ~ PtVk \\ + ii^* ~ p sVk\\) -»• o 

fc=0 

when s, i — > oo. As we can easily see from the beginning of the proof, 
the matrix elements T„ iJn define the operator T uniquely and, thus, 
S(T) := a T is well-defined. Since any T G T(7i) can be uniquely 
written in the form T = aT a — (3Tp + ijT^ — i5T$ where T a , Tp, T 7 , 
and Ts are states, and a, (3, 7, and 8 are nonnegative real numbers we 
can define S(T) := aS(T a ) — j3S(Tp) + i^SiT^) — i5S(T$). The rest of 
the proof follows immediately. □ 
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Note that it follows from Proposition [I] that any bounded operator 
A can be written in the form A = X^ m =o^™> m \ n ) ( m \ ( we& kly) and 
tr(AT) = J2n,m=o A n , m T m ,n for any T G T{H) where A ntm := (n\A\m), 
n,m E N. 

Let i£ be a phase observable with (c n>TO ), and let g>^ be a Radon- 
Nikodym derivative of the complex measure pj. associated to T G 
T(TL). The sesquilinear mapping TC x TC E5 ((f,ip) i— > fl^w^i £ -^ 1 [0,27r) 
is bounded since by using the polarization identity and the parallel- 

ogram law ^vr)- 1 |<4 <v ,|(0)| ^ < IH| 2 + IM| 2 for all 
From Proposition [l] one gets 

oo 

9t ^ T mn c nrn c n c rn 

n,m=0 

where e n {6) = e md and the double series converges with respect to the 
L 1 -norm. This implies |12|, Theorem 3.12, p. 68] the following theorem: 



Theorem 5. There exists a subsequence N 3 k i— > G N, n\ < < 
n 3 < such that 



n,m=0 

for almost all 6 El. 



g§{9) = lim V T m , nCn , m e J ^- m ) 



It can be shown |12|, Theorem 7.8, p. 140] that 

dpf [0,x) 



z=0 
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for almost all 6 G [0, 2tt). Thus, by direct calculation one gets 

oo 

g${6) = lim Tm,nc n , m e l(n - m)e £l m (e) 

n,m=0 

for almost all 6 G R where } (e) := (e ike - l) /(iifee), fc / 0, and 
= 1- Thus, lim e ^ + /i ( e ) = 1 f° r an k £ Z. Also, by a theorem 
of Fatou 0, p. 34], one can show that 

oo 

<7f(0) = lim V T minCnim e^— )^ 2) OT (e) 

n,m=0 

for almost all G R where (e) := (1 — e)' fc ' for all k G Z and the dou- 
ble series converges absolutely when e G (0, 1]. Also lim e ^ + fl ( e ) = 1 
for all keZ. 

Since the operators 

oo 

:= c n,mf^ m (e)\n)(m\, j = 1, 2, 

n,m=0 

are bounded with ||C e (1) || < 27i/e and ||a (2) || < 2/e-l for each e G (0, 1] 
it follows that 

g*(0) = lim tr [TR(0)C®R(e) m ] , j = l, 2, 

for almost all Oel. 
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